This paper investigates the macroscopic behaviour of an axially loaded discrete granular system from a stability perspective. The granular system comprises uniform grains that are elastically connected with some bending and shear interactions and confined by some elastic supports. This structural system can then be classified as a discrete repetitive system, a lattice elastic model or a Cosserat chain model. It is shown that this Cosserat chain model is exactly tantamount to the finite difference formulation of a shear-deformable Timoshenko column in interaction with a Winkler foundation. The buckling of the discrete column with pinned ends is first analytically investigated through the resolution of a finite difference equation. The solution is compared to a nonlocal approach derived by continualizing the discrete problem. The approximated Timoshenko nonlocal approach appears to be efficient with respect to the reference lattice problem and highlights some specific scale effects. This scale effect is related to the grain size with respect to the total length of the Cosserat chain. Finally, the paper shows the key role played by the shear interaction in the instabilities of granular structural system, especially when the bending interaction can be neglected. V C 2014 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Granular materials are involved in a large spectrum of engineering applications from pharmaceutical engineering, food engineering to civil engineering. These apparently simple materials are reputed to show extremely complex behaviors with the coexistence of different kinds of macroscopic behavior including both its granular aspect with strong inelastic nonlinear constitutive laws.
1 Among the specificities of its discrete or granular character, the existence of forces chain that may buckle still remains an important scientific task to be investigated.
2, 3 One can say that structural mechanics has recently found a renewed interest in this small microscopic scale in order to explain some fundamental behaviors especially when analyzing the instability phenomena of hierarchical grain structures along with force chains and force transmission. Most studies in this field focus on numerical investigations of these discrete elastic or inelastic chains by using the so-called Discrete Element Method.
2, 4 Hunt et al. 5 presented some numerical results for the linearized buckling behaviour of a finite elastic shearbending chain (which can also be labeled as a Cosserat chain). They also investigated the post-buckling behavior with stable and unstable bifurcation branches. The fundamental properties of this finite-size chain are rather difficult to characterize in an exhaustive way within these numerical performance and a complementary approach that should be able to link the discrete problem with an enriched continuum model would certainly be decisive in forming a better understanding of the main phenomena in granular instabilities.
In this paper, we show that the buckling of a discrete shear deformable column can be investigated analytically; thereby leading to a more tractable parametric sensitivity study. Pasternak and M€ uhlhaus 6 also presented some analytical results for the bending of a finite size discrete shear system, and highlighted the link with nonlocal elastic media. Luongo and Zulli 7 studied the dynamics of a finite size discrete shear system for specific applications in the vibrations of shear buildings. They obtained the exact solution of the natural frequencies of the equivalent lattice shear system. More recently, Zhang et al. 8 or Duan et al. 9 obtained some analytical results for the buckling and the vibrations of discrete shear repetitive systems. They show the link between discrete shear systems and nonlocal Timoshenko continuous theories for beam-like structures. These results can be viewed as the generalization of discrete bending systems, as already characterized in bending, vibrations and buckling. [10] [11] [12] [13] Discrete or finite-size microstructured systems are shown to behave as nonlocal structural systems, thus explaining the specific scale effect that may be predominant for micro and nanostructures. The equivalent nonlocality may be classified for these systems as an Eringen's type nonlocality 14 with a single additional length scale. As we will see in this paper, the same phenomenon may control the instability phenomenon in granular chains.
a)
This paper investigates the macroscopic behaviour of a granular system from a stability perspective. The granular system is composed of uniform grains that are elastically connected. This structural system can then be classified as a discrete repetitive system or a lattice model, as introduced by Born and von K arm an in 1912 for infinite axial chain. 15 The discrete bending chain is generally referred to the Hencky chain model, 16 which can be generalized, as investigated in this paper, considering both shear and bending interaction between each cell. In fact, the granular system considered herein comprises two independent degrees of freedom (i.e., the displacement and the rotation), which can then be regarded as a Cosserat-type chain. 6, 17 Its beam continuum analogy is the Timoshenko model. 18, 19 It can be shown that the one dimensional shear and rotational lattice model considered by Ostoja-Starzewski 20 is also exactly the microstructured Timoshenko model that we considered in our paper (see also recently Ref. 21 for the vibrations of Timoshenko beam elements analyses by a lattice shear system). As a consequence, the physical system considered herein is a granular chain, but this lattice model can be also referred to a Cosserat chain or a discrete Timoshenko structural system. This structural system can also be considered as a one-dimensional micropolar system.
II. SHEAR GRANULAR SYSTEM-A DISCRETE APPROACH
Consider the microstrutured granular chain comprising n rigid grains (whose diameter a ¼ L/n) that are connected by n þ 1 rotational and shear springs (see Figure 1 ). This discrete grain column is subjected to a compressive axial load P. The problem at hand is to determine the buckling load of this discrete shear system for archetypal boundary conditions such as simply supported ends.
At each node i, there are two degrees of freedom, representing the nodal transverse displacement w i of grain i (measured at the left-hand side of the connection between the grain i and the grain i þ 1) and nodal rotation h i of grain i. The grain i is connected with the grain i þ 1 at the node i as shown in Figure 2 . A linearized buckling analysis will be presented based on energy arguments.
The strain energy function due to deformed rotational springs (bending term) is given as
The quantity n is the number of grains (or discrete elements), a is the diameter of each grain and L is the total length of the granular column. C is the rotational stiffness located at the connection between each grain. This discrete stiffness can be expressed with respect to the bending stiffness EI of the equivalent beam.
The strain energy function due to deformed shear spring (shear term) is given by
where S ¼ njGA L ¼ jGA a , S is the shear stiffness which can be expressed with respect to the shear stiffness jGA of the equivalent beam.
In the present formulation, the kinematics variables are measured at nodes i located at the connexion between each grain. If instead, the kinematics variables would have been defined with respect to the center of each grain, one would obtain for the energy of the deformed shear spring (see also Ref. 6):
wherew i now denotes the deflection of the center of the i-th grain, andh i the rotation of the center of the i-th grain.
The relation between both equivalent models is obtained from:w
With this change of variable (see also the geometrical interpretation of Figure 2 ), the energy function of the deformed shear spring given in Eq. (2) is equivalent to the one given in Eq. (3). In the sequel, one will keep the notation of Eq. (2), as conformed to the lattice equations of lattice shear systems. 8, 9, 20 For granular applications, the shear energy term is probably predominant compared to the bending term, as the rotational link can be probably neglected. An asymptotic expansion will be performed at the end of the paper, for specific applications to shear granular phenomena. The elastic energy in the discrete elastic support (discrete Winkler foundation 22 ) is given by
where K ¼ ka is the discrete stiffness of the elastic support. The work done by the compressive axial load on the discrete shear column is given by:
Therefore, the total potential energy function can be expressed as
The Euler-Lagrange equations based on the energy function in Eq. (7) are
One recognizes the finite difference equation for the buckling problem of a Timoshenko continuous column on Winkler foundation which is governed by the following ordinary differential equations:
Returning to the discrete system Eq. (8), it is possible to extract the finite rotation h i , from:
The fourth-order finite difference equation is then obtained for the deflection:
Equation (11) is the finite difference equation of the Timoshenko beam model in interaction with a Winkler foundation, and is governed by the following "local" differential equation:
By introducing the following dimensionless parameters,
the fourth-order finite difference equation may be rewritten as
The buckling mode can be obtained from w i ¼ Bk i , which by substitution into Eq. (14) leads to the characteristic equation:
The characteristic equation admits four solutions obtained from the second-order polynomial equation:
These solutions may be expressed in the following form: k 1;2 ¼ cos u 6 j sin u and
where j 2 ¼ À1. The buckling mode for the case of pinned ends is obtained from the trigonometric-based solution related to the first roots k 1;2 , which are associated with the non-trivial condition:
where p is the mode number (natural number) which depends on the dimensionless confinement modulus k Ã . We finally obtain the buckling load of the discrete system as
The dimensionless buckling load b can be extracted from this last equation, which leads to
In the absence of the Winkler foundation, i.e., for k Ã ¼ 0, the buckling load of the discrete granular column is simplified and is calculated from the fundamental mode p ¼ 1:
The above mentioned solution has been reported by Zhang et al. for the buckling of discrete shear deformable columns with pinned ends. 8 An asymptotic expansion of this last buckling value (without any additional Winkler foundation) with respect to the number of grains furnishes
One recognizes in the first term the buckling value of the "local" Engesser's column 23, 24 which is valid for a sufficiently large number of grains:
The effect of additional lateral elastic constraint on the buckling load of the "local" shear Timoshenko column is obtained directly from Eq. (20) for a sufficiently large number of grains:
It is easy to check that this formulae leads to the usual buck- Figure 3 shows the effect of the number of grains on the dimensionless buckling load for a shear inextensible column jGA ! 1 or s 2 ! 0 (discrete system with bending interaction only). The finite dimensional problem may have a lower buckling load than its continuous "local" counterpart; a property that has been already analysed for other discrete systems that are modelled within nonlocal elasticity (see, for instance, Ref. 12). However, it is also observed that the finite dimensional system may have a larger buckling load than its continuous "local" counterpart, for some specific modulus of the stiffness restraints. The shear granular column clearly exhibits some scale effects, as the buckling diagram is affected by the number of grains, as opposite to the so-called "local" solution.
The pure shear discrete system (bending inextensible column) has been also investigated from Eq. (20) which can be asymptotically expanded as:
For the "local" continuous case, it is found that the buckling load of the continuous shear column can be neglected, which means that this shear configuration cannot be stable (no elastic stability domain):
However, the remarkable result is that this fundamental property is no longer true for the finite dimensional system. For the finite shear system, the buckling load can be calculated from
Hence, we have solved a kind of paradox, where the continuous shear system cannot buckle (with a negligible shear stability domain), whereas the discrete shear system may present some specific structural instabilities above a critical value of the axial load. This apparent paradox is clearly explained in Figure 4 .
III. SHEAR GRANULAR SYSTEM-A NONLOCAL APPROACH
The discrete two-field equations are extended to an equivalent continuum via a continualization method. The following relation between the discrete and the equivalent continuous system w i ¼ w x ¼ ia ð Þ holds for a sufficiently smooth deflection function as:
The discrete equations (11) are now continualized from this asymptotic expansion:
The fourth-order differential equation can be re-expressed in the following way, where the fourth-order truncation in the asymptotic expansion is now omitted:
The nonlocal continualized solution of Zhang et al. 8 is recovered in the absence of the Winkler foundation, i.e.,
FIG . 3 . Effect of number of grains n on dimensionless buckling load b of shear granular column; n ¼ 6; Scale effect induced by size ratio between diameter a of the grain with respect to total length of column L; s 2 ¼ 0.
FIG. 4.
Discrete shear column may buckle whereas continuous column (for n!1) may not;
In this last case, the equations are the same as the ones of a nonlocal Timoshenko column based on Eringen's nonlocality and obtained from the nonlocal constitutive law:
Note that the nonlocality here affects the bending part of the constitutive law and not the shear part. 34 The equilibrium equations are not affected by some nonlocal terms here:
It can be shown that Eqs. (32) and (33) ). The fully coupled nonlocal shear beam model considered by Reddy and Pang 35 and based on:
would lead to a slightly different differential equation:
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where the sixth-order term is not present in the continualization approach. The discrete shear model is thus equivalent to an Eringen nonlocal Timoshenko column, where the nonlocality is only affecting the bending part of the elastic constitutive law. Now considering the discrete shear model on discrete Winkler foundation, it can be shown that the continualized equations are the ones of a nonlocal Timoshenko column on a kind of Pasternak foundation, as detailed below for the enriched equilibrium equations:
For a consistent analysis, as detailed for the discrete shear column without discrete Winkler foundation, we assume a nonlocal Eringen's law affecting only the bending part of the constitutive law, as considered in Eq. (32) . Combining Eq. (36) with Eq. (32) leads to the fourth-order differential equation:
which is identical to Eq. (30) if the terms in l 4 c are omitted. Hence, the discrete nature of the elastic restraint leads to a kind of nonlocal interaction, as investigated by Challamel et al. 31 from the Pasternak and the Reissner model. It is shown herein that the nonlocal soil interaction may also come from the discreteness of the support.
Going back to the exact continualized model (which is equivalent to a nonlocal Eringen's column supported by a nonlocal foundation), which is an approximation of the discrete model, the consideration of the exact buckling mode for the pinned-pinned column in Eq. (30) and based on:
leads to the approximated buckling load of the nonlocal column
The dimensionless buckling load b may be expressed in dimensionless variables as
Equation (24) is found again as a particular case for a large number of grains n ! 1 ð Þ . The Euler-Bernoulli continualized nonlocal beam is obtained for a vanishing value of s 2 (pure bending system without any shear links):
The shear continualized nonlocal beam is asymptotically obtained for large value of s 2 (s 2 ! 1, for pure shear system without any bending links):
The reason for the difference between the results issued of the exact discrete model Eq. (27) and the approximate solution Eq. 
The same analysis may be followed for the pure shear system from the dimensionless parameters:
With these normalized shear parameters, the dimensionless buckling load associated with the continualized nonlocal model, is equal to:
whereas the exact discrete system
This comparison between the discrete solution computed from Eq. (20) and the nonlocal approach given by Eq. (40) is shown in Figures 5 and 6 . The nonlocal approach appears to be particularly efficient as a continuous approximation of the exact discrete solution and is specifically relevant for low values of stiffness modulus (confinement value). The discrepancy between the approximated nonlocal approach and the exact discrete solution increases with the stiffness of the interaction modulus k.
IV. CONCLUSIONS
This paper investigates the macroscopic behaviour of an axially loaded discrete granular system from a stability perspective. The granular system comprises uniform grains that are elastically connected with some bending and shear interactions and confined by some elastic supports. It is shown that this Cosserat chain model is exactly equivalent to the finite difference formulation of a shear deformable Timoshenko column with a Winkler foundation. The buckling of the discrete column with pinned ends is first analytically investigated through the resolution of a finite difference equation. It is shown for the pure shear system that the discrete granular column may buckle, whereas the continuous one cannot in the sense that the pure shear continuous system is unstable. This is a specific behaviour of the finite size structural system, which cannot be captured with a local continuous model.
The solution is compared to a nonlocal approach derived by continualizing the discrete problem. The approximated Timoshenko nonlocal approach appears to be efficient with respect to the reference lattice problem and highlights some specific scale effects. This scale effect is related to the grain size with respect to the total length of the Cosserat chain. Finally, the key role played by the shear interaction in the instabilities of granular structural system is revealed, especially when the bending interaction can be neglected. In the future, some more complex grain arrangements will be considered for a better understanding of the different kinds of behaviour that may appear in the instability of granular patterns. 
